
Lp Steiner formula and its coefficients

Kateryna Tatarko
(joint work with Elisabeth Werner)

University of Waterloo

Phenomena in High Dimension

Kateryna Tatarko (joint work with Elisabeth Werner) (University of Waterloo)Lp Steiner formula and its coefficients 1 / 24



Classical Steiner formula

For a convex body K and t ≥ 0, the classical Steiner formula is

Voln(K + tBn
2 ) =

n∑
i=0

(
n

i

)
Wi (K)t i =

n∑
i=0

Voln−i (B
n−i
2 ) Vi (K)tn−i ,

where Bn
2 is a Euclidean unit ball in Rn.
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)
Wi (K)t i =
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i=0

Voln−i (B
n−i
2 ) Vi (K)tn−i .

The coefficients Wi (K) and Vi (K) are called quermassintegrals and intrinsic volumes,
respectively.

In particular,

W0(K) = Voln(K) the volume

W1(K) =
1

n
Voln−1(∂K) the surface area

Wn(K) = Voln(B
n
2 ) the volume of the unit ball
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Steiner formula of the dual Brunn Minkowski theory

The radial function of a star body K is defined by

ρK (u) = max{λ ≥ 0 |λu ∈ K} for any u ∈ Sn−1.

For star bodies K and L, the radial sum αK+̃βL is the star body with the radial function

ραK+̃βL(u) = αρK (u) + βρL(u).
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Steiner formula of the dual Brunn Minkowski theory

For a star body K and t ≥ 0, we have that

Voln(K +̃ tBn
2 ) =

n∑
i=0

(
n

i

)
W̃i (K)t i ,

where +̃ is a radial addition. The coefficients W̃i (K) are called dual quermassintegrals
that were introduced by Lutwak.

Dual quermassintegrals of order i can be written as

W̃i (K) =
1

n

∫
Sn−1

ρK (u)
n−idσ(u).
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Lp affine surface area

For real p ̸= −n, the Lp affine surface area is defined as

asp(K) =

∫
∂K

Hn−1(x)
p

n+p

⟨x ,N(x)⟩
n(p−1)
n+p

dHn−1(x),

where Hn−1(x) is the Gauss curvature of K at x ∈ ∂K and N(x) is the outer normal
vector at x .

When p = 1, we recover the classical affine surface area as1(K):

as1(K) =

∫
∂K

Hn−1(x)
1

n+1 dHn−1(x).

For p = 0,

as0(K) =

∫
∂K

⟨x ,N(x)⟩ dHn−1(x) = nVoln(K).
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Lp affine surface area over the sphere

If the boundary of K is sufficiently smooth, then

asp(K) =

∫
Sn−1

fK (u)
n

n+p hK (u)
n(1−p)
n+p dσ(u),

where fK (u) is the curvature function, i.e. fK (u) is the reciprocal of Hn−1(x) at x ∈ ∂K
that has u as outer normal, and hK (u) is the support function of K .

For p = ±∞

as±∞(K) =

∫
Sn−1

1

hK (u)n
dσ(u) = nVoln(K

◦),

where K◦ = {y ∈ Rn, ⟨x , y⟩ ≤ 1, ∀x ∈ K} is the polar body of K .
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Lp Steiner formula for the Lp affine surface area

Theorem (T., Werner, 2019)

Let K be a convex body in Rn that is C 2
+. Let t ∈ R be such that 0 ≤ t < min

u∈Sn−1
hK (u).

For all p ∈ R, p ̸= −n,

asp(K + tBn
2 ) =

∞∑
k=0

[
k∑

m=0

(
n(1−p)
n+p

k −m

)
Wp

m,k(K)

]
tk =

∞∑
k=0

Vp
k (K)tk .

In particular,

as1(K + tBn
2 ) =

∞∑
k=0

Wk,k(K) tk =
∞∑
k=0

V1
k (K) tk .

The coefficients Wp
m,k(K) and Vp

k (K) are called Lp Steiner coefficients and Lp-Steiner
quermassintegrals.
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Elementary symmetric functions of the principal curvatures

The j-th normalized elementary symmetric functions of the principal curvatures are

Hj =

(
n − 1

j

)−1 ∑
1≤i1<···<ij≤n−1

ki1 · · · kij

for j = 1, . . . , n − 1 and H0 = 1.

H1 =
1

n − 1

∑
1≤i≤n−1

ki the mean curvature

Hn−1 =
n−1∏
i=1

ki the Gauss curvature
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Coefficients in Lp Steiner formula

For a general convex body K , the Lp Steiner coefficients are defined as

Wp
m, k(K) =∫

∂K

⟨x ,N(x)⟩m−k+
n(1−p)
n+p H

p
n+p

n−1

∑
i1,...,in−1≥0

i1+2i2+···+(n−1)in−1=m

c(n, p, i(m))
n−1∏
j=1

(
n − 1

j

)ij

H
ij
j dHn−1,

where

c(n, p, i(m)) =

(
n

n+p

i1 + · · ·+ in−1

)(
i1 + · · ·+ in−1

i1, i2, . . . , in−1

)

such that the sequence i(m) = {ij}n−1
j=0 satisfies i1 + 2i2 + ...+ (n − 1)in−1 = m.

In analogy to the classical Steiner formula, for a general convex body K in Rn the
Lp-Steiner quermassintegrals are defined as

Vp
k (K) =

k∑
m=0

(
n(1−p)
n+p

k −m

)
Wp

m,k(K).
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Special cases: p = 0

If K is C 2
+, then

V0
k (K) = n

(
n

k

)
Wk(K) =

(
n

k

)∫
∂K

Hk−1dHn−1.

In particular,
V0
0 (K) = nVoln(K) = as0(K).

Corollary (Classical Steiner formula, p = 0)

Let K be a convex body in Rn that is C 2
+. Then

as0(K + tBn
2 ) =

n∑
i=0

(
n

i

)
Wi (K) t i .
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Special cases: n
n+p = l ∈ N

Corollary (p = n(1−l)
l , l ∈ N)

Let K be a convex body in Rn that is C 2
+. Then

as n(1−l)
l

(K + tBn
2 ) =

n(2l−1)∑
k=0

Vp
k (K) tk .

Note that

Vp
0 (K) = asp(K) (true for arbitrary p):
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Corollary (p = n(1−l)
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(K + tBn
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n(2l−1)∑
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Vp
k (K) tk .

Note that

Vp
0 (K) = asp(K) (true for arbitrary p);

Vp
n(2l−1)(K) = asp(B

n
2 ).
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Special cases: p = ±∞

Recall that dual quermassintegrals of order i are

W̃i (K) =
1

n

∫
Sn−1

ρK (u)
n−idσ(u).

Then

V±∞
k (K) =

(
−n

k

)
W̃−k(K

◦) = (−1)k
(
n + k − 1

k

)
W̃−k(K

◦)

Corollary (Steiner formula for Minkowski outer parallel body of the dual theory,
p = ±∞)

Let K be a convex body in Rn that is C 2
+. Let t ∈ R be such that 0 ≤ t < min

u∈Sn−1
hK (u).

Then

as±∞(K + tBn
2 ) = n Voln

(
(K + tBn

2 )
◦
)
= n

∞∑
i=0

(
−n

i

)
W̃−i (K

◦) t i .
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Euclidean ball

According to the Lp Steiner formula (with K = Bn
2 ) we get

asp(B
n
2 + tBn

2 ) =
∞∑
k=0

Vp
k (B

n
2 )t

k .

On the other hand,

asp((1 + t)Bn
2 ) =

[
asp(λK) = λ

n n−p
n+p asp(K)

]
= (1 + t)n

n−p
n+p asp(B

n
2 )

= [asp(B
n
2 ) = Voln−1(∂B

n
2 )] = (1 + t)n

n−p
n+p Voln−1(∂B

n
2 )

= Voln−1(∂B
n
2 )

∞∑
k=0

(
n n−p

n+p

k

)
tk ,

and by definition

Vp
k (B

n
2 ) = Voln−1(∂B

n
2 )

k∑
m=0

(
n(1−p)
n+p

k −m

) ∑
i1,...,in−1≥0

i1+2i2+···+(n−1)in−1=m

c(n, p, i(m))
n−1∏
j=1

(
n − 1

j

)ij

.
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j

)ij

︸ ︷︷ ︸
C(n,p,k)

.
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Euclidean ball

Thus, (
n n−p

n+p

k

)
Voln−1(∂B

n
2 ) = Vp

k (B
n
2 ) = C(n, p, k)Voln−1(∂B

n
2 )

where

C(n, p, k) =
k∑

m=0

(
n(1−p)
n+p

k −m

) ∑
i1,...,in−1≥0

i1+2i2+···+(n−1)in−1=m

c(n, p, i(m))
n−1∏
j=1

(
n − 1

j

)ij

.

Corollary

Let p ∈ R, p ̸= −n. Then(
n n−p

n+p

k

)
=

k∑
m=0

(
n(1−p)
n+p

k −m

) ∑
i1,...,in−1≥0

i1+2i2+···+(n−1)in−1=m

c(n, p, i(m))
n−1∏
j=1

(
n − 1

j

)ij

.
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Homogeneity

Theorem

Let K is a convex body in Rn. Then for all p ∈ R, p ̸= −n, and for all k ∈ N,
Vp
k (K) (and Wp

m, k(K)) are homogeneous of degree n n−p
n+p

− k.

Remark. When K is C 2
+, we have

asp(λK + tBn
2 ) = asp

(
λ
(
K +

t

λ
Bn

2

))
= λ

n n−p
n+p asp

(
K +

t

λ
Bn

2

)
=

∞∑
k=0

λ
n n−p

n+p
−kVp

k (K)tk .

On the other hand, we get

asp(λK + tB) =
∞∑
k=0

Vp
k (λK)tk .

Thus,

Vp
k (λK) = λ

n n−p
n+p

−kVp
k (K).
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Homogeneity

Proof.

Proposition

Let g : ∂K → R an integrable function, and T : Rn → Rn an invertible, linear map. Then∫
∂K

g(x) dHn−1(x) = | det(T )|−1

∫
∂T (K)

∥T−1t(NK (T
−1(y)))∥−1g(T−1(y)) dHn−1(x)

and
⟨T−1(y , )NK (T

−1y)⟩ = ⟨y ,NT (K)(y)⟩ ∥T−1t(NK (T
−1(y)))∥

for all y ∈ ∂T (K).

Applying this proposition with T = λId , and using that for any y ∈ ∂(λK),

Hj(y) =
Hj(T

−1y)

λj
,
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Homogeneity

Proof.

Wp
m, k(K) = λ

k−n n−p
n+p

∫
∂(λK)

⟨y ,NλK (y)⟩m−k+
n(1−p)
n+p H

p
n+p

n−1 (y)

∑
i1,...,in−1≥0

i1+2i2+···+(n−1)in−1=m

c(n, p, i(m))
n−1∏
j=1

(
n − 1

j

)ij

H
ij
j (y) dHn−1(y)

= λ
k−n n−p

n+p Wp
m, k(λK).

Therefore,

Vp
k (λK) =

k∑
m=0

(
n(1−p)
n+p

k −m

)
Wp

m,k(λK) =
k∑

m=0

(
n(1−p)
n+p

k −m

)
λ
k−n n−p

n+p Wp
m,k(K) = λ

k−n n−p
n+p Vp

k (K).
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Invariance

Theorem

Let K is a convex body in Rn. Then for all p ∈ R, p ̸= −n, and for all k ∈ N, Vp
k (K)

(and Wp
m, k(K)) are invariant under rotations and reflections.

When p = 1, V1
k (K) (and Wk, k(K)) are also invariant under translations.

Proof.

If T is a rotation or a reflection, then

| detT | = 1;

∥T−1t(NK (T
−1(y)))∥ = ∥NK (T

−1(y))∥ = 1;

{Hj(y) : y ∈ ∂T (K)} = {Hj (x) : x ∈ ∂K} for all 1 ≤ j ≤ n − 1.

Applying the previous proposition, we get

Wp
m, k(K) = Wp

m, k(T (K)).

Thus,

Vp
k (K) =

k∑
m=0

(
n(1−p)
n+p

k −m

)
Wp

m, k(K) =
k∑

m=0

(
n(1−p)
n+p

k −m

)
Wp

m, k(T (K)) = Vp
m(T (K)).
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Valuation

Theorem

Let K is a convex body in Rn. Then for p ≥ 0 and p < −n, and for all k ∈ N, m ∈ N,
Wp

m, k are valuations. Moreover, Vp
k are also valuations.

Remark. (when K is C2
+)

Let K and L be convex bodies in Rn such that K ∪ L is a convex body. We need to show that

Vp
k (K ∪ L) + Vp

k (K ∩ L) = Vp
k (K) + Vp

k (L). (1)

Using the fact that Lp affine surface area is a valuation,

asp((K + tBn
2 ) ∪ (L+ tBn

2 )) + asp((K + tBn
2 ) ∩ (L+ tBn

2 )) = asp(K + tBn
2 ) + asp(L+ tBn

2 ),

(K + tBn
2 ) ∪ (L+ tBn

2 ) = (K ∪ L) + tBn
2 and (K + tBn

2 ) ∩ (L+ tBn
2 ) = (K ∩ L) + tBn

2

we get

asp(K ∪ L+ tBn
2 ) + asp(K ∩ L+ tBn

2 ) = asp(K + tBn
2 ) + asp(L+ tBn

2 ).

After applying Lp Steiner formula for each term and collecting coefficients, we get (1).
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Valuation: p = 1

Theorem

Let K is a convex body in Rn. Then for all k ∈ N, m ∈ N, V1
k = Wk, k are valuations.

We want to show that for convex bodies K and L in Rn such that K ∪ L is a convex body,

Wk, k(K ∪ L) +Wk, k(K ∩ L) = Wk, k(K) +Wk, k(L).

Note that

Wk, k(K) =

∫
∂K

H
1

n+1
n−1(x)

∑
i1,...,in−1≥0

i1+2i2+···+(n−1)in−1=k

c(n, 1, i(k))
n−1∏
j=1

(
n − 1

j

)ij

H
ij
j (x) dHn−1(x)

is a sum of (up to some constants) integrals of the form∫
∂K

H
1

n+1
n−1(x)

j∏
i=1

k
αj

ij
(x) dHn−1(x).
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Valuation: p = 1

Theorem

Let K be a convex body in Rn. For all 1 ≤ i1, . . . , ij ≤ n − 1 and α1, α2, . . . , αj ≥ 0,∫
∂K

H
1

n+1
n−1(x)

j∏
i=1

k
αj

ij
(x) dHn−1(x)

is a valuation.

Let K and L be convex bodies in Rn such that K ∪ L is a convex body. We decompose a
body using a strategy that was introduced by Schütt:

∂(K ∪ L) = {∂K ∩ ∂L} ∪ {∂K ∩ Lc} ∪ {K c ∩ ∂L}
∂(K ∩ L) = {∂K ∩ ∂L} ∪ {∂K ∩ int(L)} ∪ {int(K) ∩ ∂L}

∂K = {∂K ∩ ∂L} ∪ {∂K ∩ Lc} ∪ {∂K ∩ int(L)}
∂L = {∂K ∩ ∂L} ∪ {∂L ∩ K c} ∪ {∂L ∩ int(K)}.
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Valuation: p = 1

Let K and L be convex bodies in Rn such that K ∪ L is a convex body. We decompose

∂(K ∪ L) = {∂K ∩ ∂L} ∪ {∂K ∩ Lc} ∪ {K c ∩ ∂L}
∂(K ∩ L) = {∂K ∩ ∂L} ∪ {∂K ∩ int(L)} ∪ {int(K) ∩ ∂L}

∂K = {∂K ∩ ∂L} ∪ {∂K ∩ Lc} ∪ {∂K ∩ int(L)}
∂L = {∂K ∩ ∂L} ∪ {∂L ∩ K c} ∪ {∂L ∩ int(K)}.

We also note that for all x ∈ ∂K ∩ ∂L, and for all α ≥ 0 where the principal curvatures
kj(∂(K ∪ L), x), kj(∂(K ∩ L), x), kj(K , x) and kj(L, x) exist for all 1 ≤ i1, . . . , ij ≤ n − 1,

Hn−1(∂(K ∪ L), x)
1

n+1 kj(∂(K ∪ L), x)α =

= min{Hn−1(K , x)
1

n+1 kj(K , x)α,Hn−1(L, x)
1

n+1 kj(L, x)
α}

and

Hn−1(∂(K ∩ L), x)
1

n+1 kj(∂(K ∩ L), x)α =

= max{Hn−1(K , x)
1

n+1 kj(K , x)α,Hn−1(L, x)
1

n+1 kj(L, x)
α}.
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Continuity: general case

p ≥ 1: asp(K) is upper semi continuous (Ludwig, Lutwak);

0 ≤ p < 1: asp(K) is upper semi continuous (Ludwig, Hug);

−n < p < 0: asp(K) is lower semi continuous (Ludwig).

Question: are Lp-Steiner quermassintegrals Vp
k and Lp Steiner coefficients Wp

m,k (upper
or lower semi) continuous?

Proposition

Let p ̸= −n and let k ≥ 1. Then Vp
k are in general neither lower semi continuous nor

upper semi continuous.
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Continuity: p = 1

Proposition

Let k ≥ 1. Then V1
k = Wk, k are neither lower semi continuous nor upper semi

continuous.
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Continuity: p = 1

Proposition

Let k ≥ 1. Then V1
k = Wk, k are neither lower semi continuous nor upper semi

continuous.

Consider convex bodies Kl , l ∈ N:

Kl =

(
1− 1

l

)
Bn

∞ +
1

l
Bn

2 ,

where Bn
∞ = {x ∈ Rn : ||x ||∞ ≤ 1} and Bn

2 is the Euclidean ball. Then Kl → Bn
∞ in

Hausdorff metric.
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Continuity: p = 1

Proposition

Let k ≥ 1. Then V1
k = Wk, k are neither lower semi continuous nor upper semi

continuous.

Consider convex bodies Kl , l ∈ N:

Kl =

(
1− 1

l

)
Bn

∞ +
1

l
Bn

2 ,

where Bn
∞ = {x ∈ Rn : ||x ||∞ ≤ 1} and Bn

2 is the Euclidean ball. Then Kl → Bn
∞ in

Hausdorff metric.

Since Wk,k(B
n
∞) = 0,

Wk, k(Kl) =

∫
∂Kl

H
1

n+1
n−1

∑
i1,...,in−1≥0

i1+2i2+···+(n−1)in−1=k

c(n, 1, i(k))
n−1∏
j=1

(
n − 1

j

)ij

H
ij
j (x) dHn−1(x)
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Continuity: p = 1

Proposition

Let k ≥ 1. Then V1
k = Wk, k are neither lower semi continuous nor upper semi

continuous.

Consider convex bodies Kl , l ∈ N:

Kl =

(
1− 1

l

)
Bn

∞ +
1

l
Bn

2 ,

where Bn
∞ = {x ∈ Rn : ||x ||∞ ≤ 1} and Bn

2 is the Euclidean ball. Then Kl → Bn
∞ in

Hausdorff metric.
We denote by Bn

2 (x0, r) the Euclidean ball with center at x0 and radius r .

Since Wk,k(B
n
∞) = 0,

Wk, k(Kl) =

∫
∂Bn

2 (0,
1
l )

H
1

n+1
n−1

∑
i1,...,in−1≥0

i1+2i2+···+(n−1)in−1=k

c(n, 1, i(k))
n−1∏
j=1

(
n − 1

j

)ij

H
ij
j (x) dHn−1(x)

= Wk, k

(
Bn

2

(
0,

1

l

))
= lk−n n−1

n+1 Voln−1 (∂Bn
2 )C(n, 1, k).
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Continuity: p = 1

Therefore,

Wk, k(Kl) = lk−n n−1
n+1 Voln−1 (∂Bn

2 )C(n, 1, k),

where

C(n, 1, k) =

(
n n−1

n+1

k

)
.

If k ≥ n and
if k − n + 1 is even, then C(n, 1, k) > 0 which implies that

Wk, k (Kl ) = lk−n n−1
n+1 Voln−1 (∂Bn

2 )C(n, 1, k) → ∞ as l → ∞.

Thus, Wk, k is not upper semi continuous (since Wk,k (B
n
∞) = 0).

If we take a sequence of polytopes Pl that converge to Bn
2 in Hausdorff metric, then

Wk, k (Pl ) = 0, but Wk, k (B
n
2 ) = Voln−1 (∂Bn

2 )C(n, 1, k) > 0, so Wk, k is not lower
semi continuous.

if k − n + 1 is odd, then then C(n, 1, k) < 0 which similarly implies that Wk, k is not
upper or lower semi continuous.

if k ≤ n − 1, Wk, k is not lower semi continuous since C(n, 1, k) > 0 and not upper
semi continuous.
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Continuity: mixed affine surface areas

For all p ̸= −n and all s ∈ R, the s-th mixed Lp affine surface area of K (Lutwak (1987)

for p ≥ 1 and all s ∈ R; Werner, Ye (2010) for all p ̸= −n and all s) is defined as

asp, s(K) =

∫
∂K

Hn−1(x)
s+p
n+p ⟨x ,N(x)⟩(1−p) n−s

n+p dHn−1(x).

Special cases of the Lp Steiner coefficients:

k = m = l(n − 1), l ∈ N and p = 1

V1
l(n−1)(K) = Wl(n−1), l(n−1)(K) =

(
n

n+1

l

)
as1,l(n+1)(K).

m = 0

Wp
0, k(K) =

∫
∂K

⟨x ,N(x)⟩−k+
n(1−p)
n+p H

p
n+p

n−1 dH
n−1(x) = asp+ k

n
(n+p),−k(K).

Theorem

For p ≥ 0, Wp
0, k = asp+ k

n
(n+p),−k are upper semi continuous n n−p

n+p
− k homogeneous

valuations that are invariant under rotation and reflections.
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Thank you!
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